Abstract. Let f : X → Y be an algebraic fiber space with general fiber F . If Y is of maximal Albanese dimension, we show that κ(X) ≥ κ(Y ) + κ(F ).
Introduction
Iitaka's C n,m conjecture states: Conjecture 1.1. Let f : X → Y be an algebraic fiber space with generic geometric fiber F , dim X = n and dim Y = m. Then
κ(X) ≥ κ(Y ) + κ(F ).
This conjecture is of fundamental importance in the classification of higher dimensional complex projective varieties. It is known to hold in many important special cases; amongst these:
(1) if κ(Y ) = dim Y , (cf. [Kawamata81] and [Viehweg82] ), (2) if κ(F ) = dim F , (cf. [Kollár87] ), (3) if F has a good minimal model (cf. [Kawamata85] ), and (4) if dim Y = 1, (cf. [Kawamata82] ). In this paper we will prove the following: Recall that by definition Y is of maximal Albanese dimension if and only if its Albanese morphism Y → Alb(Y ) is generically finite. Note that if Y is a curve of non-negative Kodaira dimension (i.e. genus g ≥ 1), then Y is of maximal Albanese dimension. Therefore, we obtain an independent proof of the result of [Kawamata82] mentioned above.
We also prove a conjecture of Ueno: Theorem 1.3. Let X be a smooth complex projective variety of Kodaira dimension 0. Then the Albanese morphism a : X → A is an algebraic fiber space (i.e. it is surjective with connected fibers) and if F is the general fiber of a, then κ(F ) = 0.
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Proof. The fact that a : X → A is an algebraic fiber space is shown in [Kawamata81] . By (1.2), we have 0 = κ(X) ≥ κ(F ) + κ(A) = κ(F ). Since κ(X) ≥ 0, we have κ(F ) ≥ 0 and so κ(F ) = 0.
We remark that in [CH09] we showed a weaker version of (1.3), namely we showed that κ(F ) ≤ dim A. In this paper we will make use of some of the techniques of [CH09] and in particular we will make use of multiplier ideal sheaf techniques, Kollár vanishing theorems and the Fourier-Mukai transform.
2. Preliminaries 2.1. Notation. We work over the field of complex numbers C.
Let X be a smooth complex projective variety, then the Kodaira dimension κ(X) ∈ {−∞, 0, 1, . . . , dim X} is defined as follows: κ(X) = −∞ if |mK X | = ∅ for all m > 0 and otherwise
Let f : X → Y be a projective morphism of normal varieties, then f is an algebraic fiber space if f is surjective with connected general geometric fiber
If D is a divisor on a projective variety, then B(D) = ∩ m>0 Bs(mD) denotes the stable base locus of D and if V i ⊂ |iD| is a sequence of linear series such that
2.2. Fourier Mukai transform. Let P be the normalized Poincaré bundle on A×Â andŜ be the functor from the category of O A -modules to that of OÂ-modules defined bŷ
we have an isomorphisms of functors
so that RS gives an equivalence of categories between D(Â) and D(A) (and similarly for
, and
We will need the following:
Lemma 2.1. Let F be a quasi-coherent sheaf on A. Then
Proof. This is an easy consequence of Groethendieck Duality and the projection formula (see the beginning of the proof of [Hacon04, 1.2]).
Adjoint ideals
3.1. Adjoint ideals. The following definition is due to Takagi (cf. [Eisenstein10, 3.3] ).
Definition 3.1. Let F ⊂ X be a smooth subvariety of codimension g in a smooth variety and D a Q-divisor whose support does not contain F . Let µ : X ′ → X be the blow up of X along F with reduced exceptional divisor E, ν :
By [Eisenstein10, 5.1] we have:
Theorem 3.2. With the above notation, there is a short exact sequence
Assume now that a : X → A is a morphism of smooth projective varieties Z ⊂ A is a finite union of closed points with corresponding ideal m Z ⊂ O A and that F = a −1 (Z) ⊂ X is a union of fibers.
Corollary 3.3. Let H and L be Cartier divisors on A and D 0 be a Cartier divisor on X such that (1) H is very ample and
Proof. Let µ : X ′ → X be the blow up of F and let E be the exceptional divisor, then (cf. [Lazarsfeld04, 9.2.33])
Since 
is torsion free for all i and
is supported on the finite subset Z ⊂ A, it follows that we have a short exact sequence
We also have
and hence
The remaining statement is a standard consequence of CastelnuovoMumford regularity (see eg. [Lazarsfeld04, 1.8.3]).
From now on we assume that F ⊂ X is a general fiber of a morphism a : X → A from a smooth projective variety X to an abelian variety A. We may choose the origin 0 ∈ A so that F = X 0 is the fiber over 0.
If V is a linear series such that F is not contained in Bs(V ) and D ∈ V is general, we define the ideal
Lemma 3.4. With the above notation, we have
Proof. Standard.
where [Viehweg95] and [Kollár95] ), for any rational number ǫ > 0, the map
is surjective for all t > 0 sufficiently divisible. Let
3.2. Descending chains of adjoint ideals.
Lemma 3.5. For any 0 < ǫ ′ < ǫ we have
Proof. We can pick t > 0 sufficiently divisible such that
Moreover, we have
Lemma 3.6. There exists a constant 0 < ǫ 0 ≪ 1 such that
for all ǫ < ǫ 0 . Moreover, if we denote this coherent sheaf by
Proof. By (3.3), one sees that if L − 2gH is ample, then there exists a rational number 0
is strict for some 0 < ǫ
is finite dimensional, we may assume that the above inclusions are equalities for any 0 < ǫ
The remaining statements then follow from (3.3).
Lemma 3.7. The sheaf F ||D F || is independent of H.
Convention. Fixed H and D F as above, we may pick 0 < ǫ ≪ 1,
We may think of A ∞ as the inverse limit of the system . . .
We have the following diagram
Fix once and for all a very ample divisor H on A, and let H k be the corresponding divisor on A k so that π * k H ≡ 2 2k H k (see for example [Mumford70, Section 6, Corollary 3]). Let F k ||D F || ∈ Coh(A k ) be the sheaves defined analogously to F ||D F || (cf. (3.6)) so that
where
We now define coherent sheaves on A
Lemma 3.8. For all k > 0 we have inclusions
The desired inclusion now follows by pushing forward (via a) the inclusion
The proof of the inclusions
Proofs of Theorems 1.2 and 1.3
Lemma 4.1. If κ(X) = 0 and P m+1 (X) = 1, then V k ||D F || is a unipotent vector bundle and for all k > 0 we have
||D F || has already been observed above. Since X k → X isétale, κ(X k ) = 0 and hence 1 ≥ P m+1 (X k ) ≥ P m+1 (X) = 1. By the proof of [Hacon04, 5.4], for all k > 0 we have that V k ||D F || is a unipotent vector bundle on A k of rank r (where 0 < r ≤ P m+1 (F )). Hence V k ||D F || admits a filtration with successive quotients isomorphic to O A k . Since π k * O A k = P ∈Ker(A k →Â k ) P is a homogeneous vector bundle of rank 2 2kg , it follows that π k * V k ||D F || is homogeneous of rank 2 2kg r. On the other hand, V ||D F || ⊗ π k * O A k has rank 2 2kg r and so the inclusion W k ||D F || ⊂ V ||D F || ⊗ π k * O A k of homogeneous vector bundles of the same rank gives the required equality. 
where the first equality is given by the projection formula and last equality follows from (4.1). Since p k isétale, we then have a homomorphism p *
which is a isomomorphism of homogeneous vector bundles.
Remark 4.3. In order to prove (1.3), we would like to argue as follows:
We will show (cf. (4.5)) that for any sufficiently ample line bundle L onÂ, we have
By (2.1), we have that
which (following the proof of [Hacon04,
. In turn this implies that 
Proof. Recall that there is an inclusion
Thus, pushing forward by π k , we obtain short exact sequences
Consider now the morphism p k : A k → A k−1 . We have the following commutative diagram of short exact sequences:
Notice that by the proof of (3.8) α ′ is inclusion and by (4.2) β ′ is an isomorphism. Therefore γ ′ is surjective. Pushing forward via p k , one sees that the composition
where γ is surjective. Pushing forward via π k−1 , we then have the surjection φ k−1 : Q k−1 → Q k for all k > 0. Since Q k has finite length (for all k), we have that φ k is an isomorphism for k ≫ 0. Let Q = Q k for k ≫ 0 be the resulting coherent sheaf. Taking the direct limit of the push-forward of the above diagram, we thus complete the proof.
Lemma 4.5. If L is any sufficiently ample line bundle onÂ, then
It suffices therefore to check that for any L, we have 
⊕h is a direct sum of line bundles. (3) Since ρ * H k is an ample line bundle, 3ρ * H k is very ample. (4) Since 3H k ⊗ m 0 is generated, so is 3gρ
is a direct sum of ample line bundles.
It is easy to see that
for all i > 0. Since ρ isétale, by the projection formula we have that
Since π k isétale, and
Therefore, by (4.4), we get an exact sequence
) is a homomorphism from a unipotent vector bundle to a direct sum of Artinian modules. Let
and consider the induced short exact sequence 
, (0, g)}, it follows that the above spectral sequence degenerates at the E 2 term.
is an injection from a vector bundle to a direct sum of torsion sheaves,
) and the claim easily follows cf. Section (2.2).
We will now prove Theorem 1.3: Theorem 4.8. Let a : X → A be an algebraic fiber space, F the general fiber and A an abelian variety. If κ(X) = 0, then κ(F ) = 0.
) is a unipotent vector bundle, then for any m + 1 sufficiently divisible, we have that 
This is a contradiction and hence κ(F ) = 0.
We will now prove Theorem 1.2:
Theorem 4.9. Let f : X → Y be an algebraic fiber space with Y of maximal Albanese dimension and general fiber F . Then κ(X) ≥ κ(Y ) + κ(F ).
Proof. Assume that κ(X) < 0, and let a X : 
Since Y is of maximal Albanese dimension, α Y is birational. Let G be the general fiber of α X : X → X ′ and E be the general fiber of X ′ → Y ′ . Then F maps surjectively on to E with general fiber G. By [Lai09, 3.1] (applied to X → X ′ ), one sees that κ(G) < 0. By the easy addition formula (applied to F → E), one sees that κ(F ) < 0. Thus the Theorem is true if κ(X) < 0.
We may therefore assume that κ(X) ≥ 0. We will follow the arguments of [Mori85, 6.4 ].
We will first show that the statement holds when κ(Y ) = 0. In this case, by Kawamata's Theorem (cf. [Kawamata81] ), we may assume that Y is an abelian variety. Let G be the general fiber of φ : X → Z, the Iitaka fibration of X, then κ(G) = 0. Let K = f (G), then K is an abelian subvariety of Y and f | G : G → K is the Albanese map of G. 
